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The purpose of this paper is to investigate cer- 
tain properties of the lattice of submodules of a module. 

Primary attention is given to what restrictions 
must be placed on the module in order to insure that the 
lattice structure will have distributivity or complementa- 
tion. In general, these restrictions are placed on the 
ring of scalars of the module, though in certain cases 
other requirements are necessary also. 

In Section I, the set of all submodules of a 
module is shown to be a lattice and meets and joins are 
Choraecterazed ain this lattice, It istestablished that this 
lattice is always modular. In Section II, it 1s shown un- 
der what conditions the lattice of submodules will be dis- 
tributive. In arriving at the theorems of this section, 
much reference was made to work by O. Ore on this same 
problem with groups and subgroups. Section III deals with 
wiat Conditions are sufficient to insure that the lattice 
of submodules is complemented. Section IV makes brief conm- 
Ments aboOub COVeEring properties in the lattice of sub- 


modules. 


bala 





In this paper, a basic knowledge of module theory 
end “!actice theory is assumed. All rings e@rey assumed to 
possess a@ unit element, and all modules are considered as 
left R-modules. 

In general, the notation used is that of MacLane 
ands Bairkhott’ in Algebra, particularily the wse of "A" for 
meets and "vy" for joins of elements in a lattice. The 
notion of a distributive pair and the notation, D-R-module, 
is adopted from the paper by O. Ore on the lattice struc- 
ture of subgroups. If c € M, the submodule of M, generated 
by ¢c, will be denoted by [c]. In the manner of Kaplansky 
and others, theorems have been numbered consecutively 


throughout the paper. 
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SECTION 1. CHARACTERIZATION OF Lp(M). 


In this section, it is established that the lat- 
tice of all R-submodules of an R-module is a modular lat- 
tice and its lattice operations are characterized. Through- 
out, it will be assumed that R is a ring and that M is an 


R-module. 


DEFINITION. Lp(M)={A|A is R-submodule of M}. 


For A,BeLp(M), A<B shall mean ACB, 


ine fact that (Lp(M);<) is a lattice will follow 


from the following well-known theoren. 


THEOREM 1, Let P,<) be a poset, pS iad Gd = en) Cae gs 


aelereest element and has the property that ifdg <P and S#D, 
Ggnen the infinum of B exists in (P,<), then Cea) is a con- 
plete lattice? 


THEOREM IT. If M is any R-module, and be(M) is 
the set of all submodules of M, ordered by set inclusion, 


then 


le, Szasz, Introduction to Lattice Theory (3d ed. 
New York and London: Academic Press, 1963), p. 61. 


ae 





i) Lp(M) is a complete lattice 


iia} (0) tetthesnull element of Lp(M) 
iii) Mis the unit element of Lp(M) 
iy) get Aer i = 7 
) é piM) or every acf then AWA = UDA 
v) If A,BeLp(M) then AVB = A + B 
vi) If A éelp(M) for every a¢ Tl then Bs A, = (x eM 


ef 





there exist Oy 2G5y oe oO, Smee and 


By aBop eee B, such that a,e€A A Lge ms 


every i and x= a.ta.,+...ta 
ptaot. tay | 


Proof. Clearly (L,(M),<) is a partially ordered set. 
Further, M is the largest element of L(M). If 9 is an non- 
empty subfamily of L.(M), ane is a submodule of M which 
serves as the inf in the <order of L,(M). Thus (L,(M),<) 
is a complete lattice with unit element M and lattice meets 
characterized by set intersection. 

Clearly A+B is a submodule of M, containing A and 
B, and contained in every submodule containing both A and 
B; therefore, AVB=A+B. More generally, if T is an index set 
and AeL,(M) for each mel, Let 


B ={x ¢ M| there exist a 2 GE land Ayy eee, a, e M 


ie 


sion tivac  a..e 4 for each i and 
A Os 


Xx = a_ta.t...ta }; 
i 2 aE 


then B is a submodule of M such that A <Bfor each ae Pf. 





we) 
Furthermore, if C is a submodule such that A, < Cc for each 
Cele ener CG) <9, Tis 36 = ees 
_ aer 


{Oo} is immediately a submodule which is a subset 


of each submodule. 


Now, the natural,question arises: what proper- 
ties does L_(™) have, and in what way are these properties 
dependent upon our choice of M 

First, consider a property of Lp(M) that is in- 


dependent of M. 


THEOREM Ti bp (Mors modular: 


Proof. To show Lp(M) modular, we need to show that for 

A, B, C € Lp(M), A > B implies A/(BVC) = BV(AC). Since 
BV(AAC) < AA(BVC) is valid in any lattice, we need only 
show BV(AAC) > AA(BVC). Now x « AA(BVC) implies x ¢ A, 
eee), SO x= b oto Coy Doe) By Che Co (Av) Bbc BR amples 
Pee econ -p vo Ano Thus xc Ay + be Aland) -bDo tx eon. Paen 
-b + x=-+b+b+c2=eeA; hence c € A and ec € C which 
implies c ¢€ AAC. Thus x = b + c where bc B, c € (AAC) 

sO ee BY( AAC) and BYV(AAC) => AA(BVC). Therefore the modu- 


iervequaelity holds, so es), is modular. 


The stronger statement that Lp(M) is distributive 


ho Ou, in eCeneral, true. 





EXAMPLE. Consider two dimensional vector space 
Over the ring R of real numbers. Since this is a vector 


space, 10 15 a Module. 





Any line through the origin would be a subspace; 
therefore, a submodule. However, A/A(BVC) for A, B, C, as 
indicated in the sketch, is just A, since BVC = B + C the 
entire plane. But (AAB)vV(BAC) = (0), the null element of 
tieriattice. Thus, for this case L_(M) is not distributive. 

While it is true that Lp(M) is not always dis- 
tributive, there are certain interesting classes where 
Lp (M) is distributive. For example, the ring of integers 
asa module over itself is distributive. 

Thus, it is interesting to note what restriction 
must be placed on M in order that L) be distributive. 


This probiem will be studied in the next section. 





poco. DISTRIBULIVEITY CONDITION. 


This section characterizes when Lp(M) will be 
distributive under the assumption that the ring R is a 
principal ideal domain. The results of this section are 
an adaptation of Ore's paper on subgroups of a group.+ In 
order to arrive at the main theorem of this section, some 


preliminary definitions and a lemma are necessary. 


DEFINITION. A pair (A,B) of submodules A and B 
Sr aemodule M is séid to be a “distributive pair if che 


distributive law 
CA(AVB) = (C/AA)V(CAB) 


holds for every submodule C of M. 
Now let R be a principal ideal domain, and M be 
an R-module. If x is an element of M, and A a submodule 


of M, consider the set 
need werk ae ocr e fn) 


Cees sancideal vsince: 
1 yeOxe = Oc A sO XX, is nonempty ™ 
dee MSP tsen Soe ha 6 Weis DiS ssi eer yn. 
fii) r-<« X, then hr « X, for every bh < /R- 


Lo, Ore, Structures and group theory, II. Duke 
Maui 4 101950), pp. 267-268. 





R is a@ principal ideal domain so there exists a 


generator of X,. 


Remark. The divides relation and the highest common factor 
properties of a principal ideal ring will be used without 


br oot chroucghout.this. section, 


DEFINITION. If X, # (0), then there exists an 
element r, € R such that r, generates X,. rj is said to be 
the relative order of x with respect to A, and it is said 


EMe ~—relativesorder of xX with respect to A is finite, 


LEMMA 1. Given R a principal ideal domain and M 
amen-module, A,B submodules of M.. Then A and B form a dis- 
Pao aviee Dat peor Only lt Tor every element Cc 20 f 2A Be, 
Snot in A Or B the relative orders of c With respect tor 
Sudwueiremet lide and relavively prime cto each ovuner. 


Proof. Suppose that a pair (A,B) is distributive. If an 


element of AVB is contained in neither A nor B, then 
C = [ce] = CACAVB) = (CAA)V(CAB) 


bythe distributivity of the pair A,B. Moreover, neither 


(CAA) nor (CAB) is equal to {0} since then 


Cert CAB) P=" (C/A8) = C 


Moen Inpiites © € B which is a-contcradiction., 





Now since (CAA) = Cyc = {re|r e¢ Cr} # (0} 
implies C, # {0} and similarly for (CAB) and Cp, the rela- 
tive orders ry, and rp are finite. 


Now if r, generates C then r,c generates (C/A) 


fe A 
and likewise r,c generates (CAB) then C = [e] = 


(CAA)V(CAB) implies [ec] = [r,¢] [r_c] and therefore ec = 


B 
xr,c + yric = (xr, + aa ce 
Mieretore, Wirant yrao 1) ce orderse. Since 
order c = {re R| re = 0}, which is an ideal hence Principal, 
Jet n generate order c. Now ne = 0 € A son e Cpa and 
n= wra. Therefore, xr, + yrp - 1 = 2n = awry, where z é€ R. 
Hence (x - z2w)r, + yrp = 1 and thus we have ry, and rpg rela- 


tively prime. 

To establish the converse, it will first be shown 
that every submodule C of AVB is a join of (CAA) and (CAB). 
This then will insure the distributivity of the pair (A,B). 
fC CAB, then clearly (CAA)V(CAB) © C. Thus it need 
only be shown that every c € C is an element of (C/AA)V(CAB). 

iiteeorce) (C/\A) tor (6 he (CAB), 1b 1s- animediate. art 
ec ¢ (CAA) and ec ¢ (CAB), then by assumption the orders of 
ec with respect to (CAA) and (CAB) are finite and relatively 
prime, Deb mar Pevche Wrelative: order “ofc with respect to 


(CAA), the relative order of ec with respect to (C/B). 
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Wien ir ec ¢ (CAA) end ric ©¢ (CAB). 


A B 





By assumption, rq and rp are relatively prime; 


Hence there exists x,y € R such that xr, + yrp = 1. Then 
c = l-e = (xr, + yrp)c = xr,c + yrac. 


Since (CAA) and (CAB) are submodules, r,c € (CAA) implies 


xr,c € (CAA) and rpc € (CAB) implies yryc ¢« (CAB). Thus 


B 


c 


a + b where xr,c = a é€ (CAA), yrz,c = b € (CAB) so 


B 


C GOAN O VACOAN:D 


ll 


Now for arbitrary C, CA(AVB) is a submodule of 
(AVB) so CA(AVB) is the join of CA(AVB)AA = CAA and 
CA(AVB)AB = CAB, thus CA(AVB) = (CAA)V(CAB) for every sub- 


module C and therefore (A,B) is a distributive pair. 


DEFINITION. An R-module M is a D-R-module if its 
Lp(M) lattice is distributive. 

With the help of the preceding definitions and 
the lemma, the following theorem may now be stated and 


proved. 


THEOREM IV. Let RK be a principal adeal domaan 
and M an R-module. Then M is a D-R-~module if and only if 
Every finite set of elements of M penerates a cyciic sub- 


module, 


beoots Io show sufficiency first, assume every finite set 


of elements generates a cyclic submodule. Pye wi ibe 





established that each pair (A,B) of submodules is a dis- 
tributive pair. This will be done if for every element oe 


ec ¢€ AVB with c £ A and c ¢ B, the relative orders of c 


with respect to A and to B are relatively prime, since then 


by the lemma, (A,B) will be a distributive pair. 
Consider such a pair, (A,B) and an element 
ec € AVB such that c ¢ A, ec ¢ B. Then ¢c = a + b where 


@aeéeAand b e¢ B. Now the elements a,b € M generate the 


submodule Ra + Rb, so by assumption, Ra + Rb must be cyclic. 


Thus there exists an element g e€ M such that Rg = Ra + Rb. 


Then a € Ra + Rb implies there exists r, ¢€ R such that 


a 


rj, a. Similarly, there exists an ro € R such that 


roe = De Now ~~ can be chosen -in such a way that ry and te, 


Weewrelavivelyoprime. |Consider (r,,T5); if sien e dua ls clk, 
then obviously no proof is needed. If it is not equal to 


n-=r and 


1, then there exists n,m ¢€ R such that (r,,2 1 


>) 
(r,,r,)m =r,. Now r, #0 and i =O sance r, = 0 implies 


rjg= a= OuSO Ce = 4 aot = Oat sDranarc, € Bo Vbutetiis as. 
contradiction since c was chosen so that c ¢ B. Similarly 
—> = O implies c e€ A which is also a contradiction, so we 


have ry #0, t , #0. Then (n,m) = 1 and (rj,r,)ng = r,6 = 
and (rj,r,)me =r,g=b. If g' = (rj,r,)8, then ng' = a 


and mg' = b; and Rg! = Ra + Rb since Rg! © Rg = Ra + Rb 


a 





10 
and a,b € Rg' implies Ra + Rb C Rg!t. Thus there exists a 
g' such that Rg' = Ra + Rb and ng' = a, mg' = b, where 
(n,m) = 1. So Rg = Ra + Rb where r,6 = a, rog = db and ry,rzo 
are relatively prime. Now c = a+b so r.c = ria + rb but 


a a il 
loa rog so rjc = ria te ri roé- Since R is commutative, 
rjc = rja + ro(r,g) = ee ne re tone, Mien. 
and r,; € Ca. Thus Cy, # {0}, so if ry, is the order of c¢ 
Mewes pect to A, r, is finite. ~ Then r, € Ca implies 


Simake ri re eB -uand or the relative order of c 


als 2 B? 


Ail? 


with respect to B, divides r,. Thus Co pega ies and 


(ae and hence oa). But Ge.) = i, 
SO (r,,P,) = i; end thenetore the pair (A,B) is) distributive. 

Since the pair (A,B) was chosen arbitrarily, M 
is a D-R-module. 

To show necessity, assume that M is a D-R-module 
and show that every finite set of elements generates a 
cyclic module. Consider the elements a,b € M. Then 
fee haet «RD and H° must be shown to be cyclic, i.e.,. there 
must be an element g such that Rg = H = Ra + Rb. 

BUG eH 1S -aotinitely ¢eneraced "module .overuh,- <a 
principal ideal domain. Thus by the fundamental theorem of 
finitely generated modules, either H is cyclic or 
He— Rd @ Rdo where dj,d5 are nonzero elements in M and 


Picred order da. “Now af Hodis cyclic, the proot is 





dml 
completed. Therefore, assume H is not cyclic, hence 
H = Rd, ® Rd5. Now dj,d5 € M implies Rd,,Rd5 is a dis- 
tributive pair since M is a D-R-module. Hence by the lemma, 


for every c € Rd, ® Rd, where c ¢ Rd, or Rd, the relative 


a a af 


Orders of c with respect to Rd. and Rd 


1 5 are relatively 


prime. Thus consider ec = d, + dy. Since dj,,d5 # O, 
c ¢ Rd, and c ¢ Rdg. If, for example, ¢c € Rd,, then dy 


would belong to Rd, and hence to Rd, M Rd But 


a 


H = Rd, ® Rdg implies Rd, Nf Rd 


1 >» = {0}, so dy = 0 which is 


1 
a contradiction. Thus ¢ ¢ Rd, or Rdy and there exists 
rj,To € R; such that rjc € Rd, and roc € Rdo5. Now rjc = 
rid, a rid; so ric € Rd, implies rid, € Rd, , hence 

r,d5 € Rd, MN Rd5, and therefore rjd5 = 0. Thus order 


pa 


Similar ly rod e Rd Unis eromka el Rd 


lu 1 2? 1 did 
rod, = 0 and order d,|r5. But since order d, |order do, 
order d,|r, so order ales ey and order d, = l. 


Then 1-d, = d, <0 pw cubt this. tssarcOntradiczi1on 
since we assumed d,,d, # oO. Thus H must be cyclic, hence 
Ra + Rb is cyclic and then by induction every finite set 


of elements generates a cyclic module, so the necessity is 


proved. 


The above theorem then leads to a rather strong 
result about finitely generated modules over principal 


ideal domains. For finitely generated modules, the theorem 





Ae 


says simply: 


COROLLARY. Let R be a principal ideal domain, 


and Ma finitely generated R-module. Then M, a D-R-module, 


Pepi ves. Mois CyelLic. 


Proof, If M is a D-R-module, then every finite set of ele- 
ments generates a cyclic module. impart veular, tae. tana ve 
generating set of M, generates a cyclic module, hence M is 


CrGrad Cu 


Ths if Roieaa- principal sdeal domain,. the only 
finitely generated modules which are D-R-modules, are the 


eyelic ones. 
SECTION 3. COMPLEMENTATION CONDITIONS. 


If Mis an R-module, in general L(M) will not 
be complemented. For example, if M is any module with 
only one proper submodule, then LM) will not be comple- 
mented. This is not to imply, however, that Lp (M) nce moKs ae 
complemented only in rather trivial cases, or in cases 
where the lattice has "few" elements. Many lattices of 
submodules will have infinitely many elements and still 


will not be complemented. 





i De: 
EXAMPLE. Consider Zas a module over itself. 
Then rZ will be a submodule for every re Z. Then assume 


there exists a submodule A of Z such that A is the comple- 


II 


ment Jot rZ, 1.6., AArZ {Oo} and AVrZ = Z. Now AvrZ = Z 
implies there exists a € A and rz e€ rZ such that a + rz =1. 
Then rza € A and r(za) € rZ; since by assumption, A is a 
complement of rZ and AArZ = {0}, it must follow that 

Bya Cea e? = (O}-> Thus a-a’+ rga = [-a.=] 4 or aa = a. 
pimecesa © 2, this; implies a ="0 or 4°= 1, If a-={j 1, ‘then 


Ai— 2, and therefore A/\rZ (Oa) pa test ea Oy 


One bien tier Nand "a. — "OL ipl pesme Zee ls -oSG 
rZ = Zand then again AArZ = {0} implies A = {0}. There- 
fore it is seen that if rZ is a submodule of Z, which has 
a complement, either rZ = Z, or rZ= {0}. Thus, only in 
the trivial cases will a submodule of Z be complemented. 
Bie HOM Urivwal Cases, -,es, 1h, & proper submodule-of Z, 
Pees tOles there will) not exist a complement for A. 

Just as there are many cases where L(™) is 
not complemented, there also are many interesting cases 
where Lp (M) is complemented. If M is a vector space 
(hence a module), then M has a basis and Lp(M) is comple- 
mented. The question is, how much of the "strength" of a 


vector space is needed in order to insure that the lattice 
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structure is complemented? Can the requirement that M be 
a vector space be loosened somewhat without losing the 
complementation of L(M)? 

In finding a complement for a subspace of a 
vector space, much use is made of the fact that a vector 
space has a basis. This leads to the investigation of 
those modules which are not vector spaces, yet possess 
the same property, i.e., they have a basis, 

First, a basis must be defined in a module con- 
text, then some of those modules which possess bases will 
be eXamined to see if their lattice structure of submodules 
is complemented. 

ins the-tollowing defi taons. M wile be can: k= 


module, and U a set of elements of M. 


DEE INGA EON. U -spans Mii1t @for every elemen vm «om, 


there exists a finite subset of U, DoW Semen 5 and 
elements PisTos +++ Th € ResUe het hee ee riu, ae Lous =a 
Te 
non 


DEFINITION, UPlis Linesrly independens ne 


= ' bet anvet 
rju, + Pou, + .|,., + ren O where the u, Ssvlare vars 


elements of U, implies res O,FToOr “Wevery yi. 





ss, 
DEFINITION. If U is a linearly independent set 


Which spans M, then U is said to be a basis for M. 


DEFINITION. An R-module which possesses a base 


is said to be a free R-module. 


Now a free module over the right kind of a ring 
1S very close to avector space. IN“Vector spaces, the 
proof of complementation comes essentially from the fact 
that any subspace has a basis and that this basis can be 
extended to a basis of the vector space. The "nicest" 
thing to happen would be for a free module over a princi- 
pal ideal domain to possess these properties, since this 
is the requirement which was put on the ring R in the 
theorems dealing with distributivity. Because finitely 
generated modules over principal ideal domains have nice 
Momuetubal properties, “this class of structures would 
appear to have a chance at insuring that Lp(M) be comple- 


mented since the following lemma would then apply. 


LEMMA 1. If oR Sed pean Gihpat rdeal. domain, 2and 


Pelco any tree R=module of finite type, then any submodule 
of Mis a free module of finite type.? 


1s. MacLane and G. Birkhoff, Algebra (Toronto: 
fie MacMillan “Company,- 1967), p. S38. 
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Unfortunately, the fact that Mis a finitely 
generated, free module over a principal ideal domain, is 
not enough to insure that Lp(M) will be a complemented 


lattice. The following example applies! 


BXAMPLE. Let M be the module of all 2-tupules 
generated by (1,0), (0,1) over R the ring of integers with 
addationm and scaler multiplication in the usual .matner. 

R being the ring of integers implies R is a principal 
ideal domain. Let A be the submodule generated by (2,0). 
Obviously, this is a free module on one generator. There 
does not exist a B, submodule of M, such that AAB = {0} 


emdtsnvo. =. M, 


Assume that such a B exists and AAB = {0}. Now 
Bee Submoduie of a free module over a P.1.D., implies B 
is free on a set of generators B where #8 < 2 = dimension 
of M. If #8 = 2, then AAB = {0} implies the generators 
Gara and the Penerators of B must be linearly independent. 
Hence there exists three linearly independent elements in 
M, which contradicts the fact that the dimension of M is 
two. Therefore #8 = 1, or B is generated by one element. 
Now AVB = M and (1,0) € M implies (1,0) € A B and so there 


eeomsts x,y € % so that x(2,0) + y (h,k) = (1,0) where (h,k) 





ae 
is the generator of B. Thus (2x + yh, O-x + yk) = (1,0) 
or ¢x + yh =1, and O-.x + yk = O05 126.55 7k = 0, Sancere 
has no zero divisors, yk = 0 implies ¥J=> 0 CGrvk = 0. 
ino eetlies (hk) = (nO), but then n(2.0) - 2(i,0) = 6 
and either h = 0, in which case B = {0} and AVB = A # M and 
we have a contradiction, or h # 0 in which case (h,0) and 


(2,0) are not linearly independent and so AAB # {0}, which 


also gives us a contradiction. Therefore, y = 0. But 
vo wOeimplies ¢cxet yn'= ocx .=") and “since: there is no xe 7 
suene that. cx = 1, it is:  cléar that no such x,y € Z exists, 


Hence (1,0) ¢ AVB and so AVB # M, which implies A has no 


complement in M. 


In Stace.) even vit» Rois /only.an integral domain. 
if R, is an R-module over itself such that L.(R) is a 
complemented lattice, a rather strong result can be reached 


about R. Knowing that Ris an integral domain, L, (R) 


being complemented will force R to be a field. 


THEOREM V. Let R be an integral domain and Ras 


Ras @ module over itself. Three tive ovate een laid) sas 


Complemented if and only if R is @ field. 


peoot. if R is a field, then.Rj is a vector space and 


R 


clearly Lp (R) is complemented, thus the sufficiency is 


proved. 
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To prove necessity, it must be shown that for 
every nonzero a eé R, there exists a multiplicative inverse 
of ain R. Consider any a € R, a #0. Then Ra is a sub- 
module of Re and hence is complemented in L(R). Let B 
be this complement. Then RaAB = {0) and RaVvB = Rp» Now 
for any b € B, since BC R, ba € Ra, and a € R implies abeR. 
R commutative, implies ab e€ Raps. But RaAB = {0} and a # 0 
by assumption, Then R an integral domain implies there 
are nue zero divisors in R and so b= 0. “Since b wae 


enosen arbitrarily, this is true for every b € B and there- 


fore B = {0}. Now RaVB = Rp implies Ra = Re and hence 


1 € Ra, So there exists an element at € R such that a7 t 


as— 1. 
Mherefore, a has a multiplicative inverse for every a eé R, 


so R is a field. 


Clearly when, requiring RK to be a principal adcar 
domain is not enough. The problem is that while Lemma 1 
insures the existence of a basis for every submodule of a 
properly chosen module, it does not imply that this basis 
can be extended to be a basis for the module. The follow- 
ing theorem establishes that this additional property is 


Sutracrent for L (™) to be complemented. 





is 


THEOREM VI. 


If Mis an R-module, a sufficient 


condition for L.(M) to be complemented is that every sub- 


module of M over R, has a basis which is extendable to be 


a basis for M. 


Proof: Consider A, a submodule of M. By assumption, A 
has @ basis, say Ao» and “this —basiie (can be extended to be 
a basis for M. Call this extension M,. Now let B, = 


MS. Ao» and let B be the submodule generated by Bo Now 


B is the complement of A. Consider me AAB; this implies 


there exist finite sets as,a a € a and r,,r 


2? eee n 29 eee n 


r)4, a se tr sok csttgee: ses and there exist 
1? Po? one un E BY and 8,985) ee: 
m= See te ae sears igs ot: aoe Enen 0 s=Ami-) 1 or 5 sar 
... trai ¢ Cone + (-s,)b, Sean: ema (~s bd. Now, that 


e R so that m= 
finite sets b Sa €e R such that 


+ 


j ly independent 
242853 ea oe eae a2 ee lon € Mo and M, linearly indep 


yr? oes Ee eaiee rene - all equal to zero; so 


m= 0 and hence AAB = {0}. 


implies r 


Since A spans A, B_ spans B, A_UB_ spans AVB, 
O O OFC 
but A UB = M and M_ spans M so A_UB_ spans M and there- 
O O fe) e) O 2) 
tore /5B = M, Thus B is the complement of A. Since A 


was any submodule of M, L,(M) is a complemented lattice. 





cO 
Therefore it has been established, that if given 
any submodule, not only does that submodule have a basis, 
but that basis can be extended to be a basis of the module, 
then the lattice of all submodules of that module will be 
complemented. This condition is not a necessary one, how- 
ever, as the following example shows, 


EXAMPLE. If F_,F_ are fields, let R= F_@F_: R 


i trie 
fowoemrineg. Use addition and scalar multipivestion. Dy 
components and R is a module over itself. Now the sub- 


modules or R will be exactly the ideals of R. But the 

Only wdeals of R, are R, {(0;0) }, Fe (0) and (0 J®F,, and 

L, (R) is complemented; Rand [((0,0)} the zero element are 
complements in any lattice. Now consider (F,e{0})A( (0 JaF,), 
if (a,b) is an ordered pair in the meet, then (a,b) € (F,@ (0 }) 
implies b = 0 and (a,b) € ({O]@F,) implies a = 0, so (a,b) = 
(0,0) or (Fa [0 })AC {0 oF.) (ONO) tae PE ae by een abn 


implies a « Fl, bre © So (a, bi) can be written es. (a0 j<t 


5? 
(0,b) where (a,0) € Fielo} Binding b re (0 JeF, so 

(a,b) € (Fe{0))V( lo JoF,) and therefore (F,@ (0 })V( (OleF,) = R 
and thus they are complements. So L (8) is a complemented 
lattice, But the submodules of Re do not all have a basis. 


Consider F,efo}. If (a,0) # 0 is a basis element of F,@ (0 } 


(0,1)(a,0) = (0,0) and (0,0)(a,0) 40,0); so (0,0) © (F,@(0)) but 





al 
it has no unique representation in terms of basis elements. 


SInece Juli s is, true, F,@ [0 } must not have a basis. 


The problem now becomes finding a module with 
the properties required by Theorem VI. Since a principal 
ideal domain lacks only multiplicative inverses to be a 
ivebdseands yet Kibeing @ Poi D. ds mot sufficient, Ye= 
quiring that R be a division ring is an obvious next step. 
In the following lemma and its corollary, it is established 
that if D is a division ring, and if M is a D-module, then 
every submodule of M has a basis which can be extended to 


be a basis of M., 


LEMMA 2, Dios -aomod whe Over) 0,4 70 ay sane 


ring, and A, 1s any linearly independent set in M, then 


An can be extended to be a basis for M, 


Proof: Consider [ = {A]/A is a linearly independent subset 
of M, A, eA) eet. roo be archaea! thet (Vey tke Bee 


Wietieeciuner Mis Boor Byes “A. if B= Phenv En asa. Vi weariy 


U_A; 
het 
midependentsscubset of M, For af EF is any Ttinite subset of 


E and F = (m),m,, ote m3 then there exists A,,A,, ..- AL 

i e A Tse SMe OSE MIOw SoS Line CAC saa 2C a aam 

aoe C such that ms ce Be a “ : 
ree ee Since 


aS A, earn 8, AL is one of the sets Al, Ags i 





rave 


all the sae arewlinee rive inde pendent ad ea ee are oo 


a 
F is a subset of a linearly independent set and hence 
linearly independent. Since E contains every A in the 
chain €, and E is linearly independent, E is an upper 
bound for €,. Thus by Zorn's Lemma, there exists a maximal 
linearly independent subset in M which contains as Cari 
this maximal set, ee Now se spans M. To establish this, 


consider any x e€ M, If x does not belong to the span of My? 


taenethabeamplies that (x JUM. is a linearly independent 


set. If not, there exists ee ae ee é My? and 

e* ¢ @ d 5 a + * e« @ + 
Sp a8 se ti D such that c= ey dom, 
dm =0 and not all d,'s are zero. Now if d =0, all 
ne ah O 


the other d.'s must be zero since Mi, ++) mi is a linearly 


independent set. Since we assumed not all d,'s are zero, 


d, #0. Then since D is a division ring, there exists 
i gaa D. Then 
O 
-1 -1 -1 
= td ah ae Gia tea d_)me + si 
x= (a "7a )x = (-4 774) )m + ( » 
-l 
-d dee jm 
( O a n 
which implies x belongs to span of ee Since we assumed 


this is not true, {x}UM must be linearly independent. 
O 


But this is a contradiction since by Zorn's Lemma we know 





Ze 
that ae is a maximal linearly independent set. Hence x 
must belong to the span of MM for every x e M, so MM spans 
M. Therefore MS is a linearly independent spanning set of 
M, and hence MM, is a@ basis for M, and contains Aa» so the 


lemma is proved. 


COROLLARY, If M -is-a moaule over Dj28 Civics ien 


ring, then M is a free module. 


Proof: Follows immediately from the lemma. Let AL = g, 
then A is a linearly independent subset of M and hence 
can be extended to be a basis for M. Therefore, M has a 


basis and so it is a free module. 


This then, establishes that if M is a module 
over a division ring, then M satisfies the requirements 
of Theorem VI and hence L (M) is a complemented lattice. 

D 


This fact is stated in the following theoren. 


THEOREM Vil. LieMea se aomMoOdule Overs Dav G1 ison 


ring, then L (M) is a complemented lattice. 


Proof: Consider A any submodule of M. A is obviously a 
module Over a division ring, hence by the corollary, a 
free module with a basis A: By the lemma, A. can be ex- 


tended to be a basis for M, so any submodule of M has a 





C4 
basis which can be extended to be a basis for M. Hence 
by Theorem VI Ly (M) is a complemented lattice. Thus if M 
is any module over a division ring, L(M) is a complemented 
lattice. 


This corollary then, easily follows. 


COROLLARY. If Mis @ module over a division 
Pode Det hen LM) is relatively complemented. 


Proof: From the preceeding theoren, L (™) is complemented. 
Earlier, we saw that L, (M) is always modular. Then LA (M), 
a modular, complemented lattice, implies L(M) is relatively 


complemented. 


Note, however, that this does not imply that 
any of these complements are unique. Consider any arbi- 
trary vector space V. Clearly, it satisfies the require- 
ments to form a complemented lattice L(V). But it was 
earlier seen that if the space V is of dimension two or 
more, L(V) will not be distributive. 
vad 


By the "Birkhoff Distributivity Criterion, 


a lattice is distributive if and only if no interval [a,b ] 


aC. Szasz, Introduction to Lattice Theory, oa. 
Ed. (Academic Press, New York - London, 19635), p. 90. 





of the lattice includes an element having two different 
relative complements in [a,b]. 

Thus L(V) not distributive implies that there 
are intervals [a,b] in L(V) which have two different 


relative complements, 
SECTION 4. A Covering Condition. 


DEFINITION. If a,b are elements of a lattice 
such that a <b, and there is no element x, such that 
ae <= Do ohen it is said that-a 1s covered by b. This 


will be expressed by the symbol a-<b, 


If Mis an R-module, in general, elements of 

L (M) will not be covered. An obvious example is to again 
consider the ring of integers as a module over itself. In 
the lattice of submodules of this module, the null element 
{Oo} will have no covering element. Since Z is a principal 
ideal domain, here again R being a P.I.D. is not suffi- 

Cient to assure that L, (M) will have the desired properties. 
It is clear, however, that the modules discussed in the 
Mrevious Section, i.e, modules over division ring,® youid 
have lattices of submodules where every element had a 


cover, Here again the ability to get a basis for M, and 





26 
the availability of multiplicative inverses, is enough to 


insure the presence of covering elements. 


THEOREM VIII. If Mis a module over a division 


rine and fe. bw where A M, then there exists 
Deo UM eS such  tnac lA =< B 


Proof: If A#M and m m is a basis for M, then 


1259 27> My 

there exists an n Such that meek eee nen: it ewer ee 
J 

B = AVDm., B is a cover for A. Consider C such that 


J 
A $ C <B. A <C implies there exists ac € C such that 


e/® A, Then c € C < B implies ¢ = a + dn, for some a € A, 
Datecdiy aston Ting, implies q~t e D> thus mm. = (a7 *)c a 
(eae ).a. Bilgwe © 2 = .C and. ¢ €'C “so a erC..) nus 


B= eres C and we have B = C. 
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